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Chapter Four

Connectivity maintenance and rendezvous

The aims of this chapter are twofold. First, we introduce the rendezvous
problem and analyze various coordination algorithms that achieve it, provid-
ing upper and lower bounds on their time complexity. Secondwe introduce
the problem of maintaining connectivity among a group of mokle robots
and use geometric approaches to preserve this topologicalrgperty of the
network.

Loosely speaking, theendezvous objectiveas to achieve agreement over the
physical location of as many robots as possible, that is, toteer the robots
to a common location. This objective is to be achieved with the limited
information ow described in the model of the network. Typic ally, it will
be impossible to solve the rendezvous problem for all robot# the robots
are placed in such a way that they do not form a connected commmication
graph. Therefore, it is reasonable to assume that the netwdeis connected at
initial time, and that a good property of any rendezvous algaithm is that
of maintaining some form of connectivity among robots. This discussion
motivates the connectivity maintenance problem Once a model for when two
robots can acquire each other's relative position is adopte, this problem is
of particular relevance, as the inter-robot topology depend on the physical
states of the robots. Our exposition here is mainly based om\ndo et al.
(1999, Cores et al. (2009, and Ganguli et al. (2009.

The chapter is organized as follows. In the rst section, we érmally
introduce the two coordination problems. In the second sedbn, we de-
ne various connectivity constraint sets to limit the motion of robots in
order to maintain network connectivity. These notions of constraint sets
allows us to study in the next section various rendezvous algrithms with
connectivity maintenance properties. We study numerous vaiations of the
circumcenter algorithm for the rendezvous objective and wecharacterize its
complexity. Additionally, we introduce the perimeter-mini mizing algorithm
for nonconvex environments. The fourth section presents vaous simula-
tions of the proposed motion-coordination algorithms. We enl the chapter
with three sections on, respectively, bibliographic notesproofs of the results
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presented in the chapter, and exercises. Our technical trament is based
on the LaSalle Invariance Principle, on linear distributed algorithms, and
on geometric tools such as proximity graphs and robust visibity.

4.1 PROBLEM STATEMENT

We begin this section by reviewing the classes of networks ahthe types of
problems that will be considered in the chapter.

4.1.1 Networks with discrete-time motion

In the course of the chapter, we will consider the robotic netvorks Sgisk, Sip ,
and S; sk, and the relative-sensing networksS§,, and S5 ;.. presented
in Example 3.4 and in Section 3.2.2

For the robotic networks Sgisk, Sip, and S; _gisk, Wwe will, however, assume
that the robots move in discrete time, that is, we adopt the discrete-time
motion model

pilc +1) = pllCy+ WllC); i 2f1::::ng: (4.1.1)

Similarly, for the relative-sensing networks Sfz,, and S ;. We adopt the
discrete-time motion model

Pl c+n= Pl )+ R WC); 211 ng: (4.1.2)

xed xed

As an aside, if we express the previous equation with respedb frame i at
time t, then equation (4.1.2) reads

fi C+1)= ull (), i2fL::;ng

p(frame i attime ") (frame i at time )

We present the treatment in discrete time for simplicity. It is easy to show
that any control law for the discrete-time motion model can beimplemented
in the continuous-time networks. In what follows, we begin ou discussion
by assuming no bound on the control magnitude and we later intoduce an
upper bound denoted byumax.

4.1.2 The rendezvous task

Next, we discuss the rendezvous problem. There are di erentvays of formu-
be a uniform robotic network. The (exact) rendezvous taskTngzs : X" !

6
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ftrue ;false g for S is the coordination task de ned by

true ; if x01= xU1: forall (i;j ) 2 Ecmm(xM; 205 x);
false ; otherwise

robots' physical state space isX RY. It is convenient to review some
basic notation consistent with what we adopted in Chapter2. We let P =
fpll::::; plNlg denote the set of agents' location inX  RY and we letP be
an array of n points in RY. Furthermore, we let avrg denote the average of
a nite point setin RY, that is,

For " 2 Rso, the "-rendezvous taskT-.ngxvs : (RY)" I'f true ;false g for S
is de ned as follows: T-_nqzvs iS true at P if and only if each robot position

its Ecmm-neighbors. Formally,

T“-rndzvs(P) = true
0k pf avrg fpllj(i;j) 2 Ecnm(P)g ko <" i 2f1;:::ing:

4.1.3 The connectivity maintenance problem

Assume that the communication graph, computed as a functiorof the robot
positions, is connected: How should the robots move in suchway that their
communication graph is again connected? Clearly, the prol@m depends
upon: (1) how the robots move; and (2) what proximity graph describes
the communication graph or, in the case of relative-sensing etworks, what
sensor model is available on each robot.

The key idea is to restrict the allowable motion of each agent Di erent
motion constraint sets correspond to di erent communication or sensing
graphs. We have three objectives in doing so. First, we aim tachieve this
objective only based on local measurements or 1-hop commuration, that
is, without introducing processor states explicitly dedicated to this task.
Second, the constraint sets should depend continuously onhe position of
the robots. Third, we have the somehow informal objective todesign the
constraint sets as \large" as possible so as to minimally costrain the motion
of the robots.

\Distributed Control of Robotic Networks" by F. Bullo, J. Cor es and S. Martnez
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4.2 CONNECTIVITY MAINTENANCE ALGORITHMS

In this section, we present some algorithms that might be use by a robotic

network to maintain communication connectivity. The results presented in
this section start with the original idea introduced by Ando et al. (1999 for

rst-order robots communicating along the edges of a disk grah, that is,

for the network described in Example 3.4. This idea is then generalized to
a number of useful settings. The properties of proximity grgphs presented
in Section 2.2 play a key role in formulating and solving the connectivity

problem.

4.2.1 Enforcing range-limited links

First, we aim to constrain the motion of two rst-order agents in order to
maintain a communication link between them. We assume that he commu-
nication takes place over the disk graphGisk (r) with communication range
r> 0.

Loosely stated, the pairwise connectivity maintenance problemis as fol-
lows: given two neighbors in the proximity graph Gyisk(r), nd a rich set of
control inputs for both agents with the property that, after moving, both
agents are again within distancer. We provide a solution to this problem
as follows.

De nition 4.1 (Pairwise connectivity constraint set). Consider two
agentsi andj at positions pl'! 2 R4 and plil 2 RY such that kpli! plilk, r.
The connectivity constraint set of agenti with respect to agentj is

il i)
Xase pLpl) =8 P2 P 2p 5

Note that both robots, i and j, can independently compute their respec-
tive connectivity constraint sets. The proof of the following result is straight-
forward.

Lemma 4.2 (Maintaining pairwise connectivity). Assume that the
distance between agentg!'! and pl! is no more thanr, at some time . If
the control ul'l(*) takes value in
. . . . e ara
. i1 o g PO PO T

uflC) 2 Xaise PIC);PPC)  PUIC) =B R N
and, similarly, ull(’) 2 Xgis PUIC);pC)  pll(), then, according to the
discrete-time motion model (4.1.1):

\Distributed Control of Robotic Networks" by F. Bullo, J. Cor es and S. Martnez
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(i) the positions of both agents at time” +1 are inside the connectivity
constraint set Xgisx p'();p!1(") ; and

(i) the distance between the agents' positions at time + 1 is no more
than r.

We illustrate these pairwise connectivity maintenance comepts in Fig-
ure 4.1

xed

Figure 4.1 An illustration of the connectivity maintenance constraint . Starting from po-
sitions pl'l and pll, the robots are restricted to moving inside the disk centered

at Xaise (P"1;pi0) = 1 pil+ pll with radius 5.

Remark 4.3 (Constraints for relative-sensing networks). Let us con-
sider a relative-sensing network with a disk sensor of radius (see Exam-
ple 3.15. Recall the following facts about this model. First, agenti mea-
sures the position of robotj in its frame [l that is, robot i measures
pi”]. Second,pi['] = Qg. Third, if W RY, then W, denotes its expression
in the frame [1. Combining these notions and assuming that the inter-
agent distance is no more tharr, the pairwise connectivity constraint set in

De nition 4.1 satis es
1. ol i _g P
Xisk (p11; pl) = Xaisk O¢;pi” = B '7;5 ;

4.2.2 Enforcing network connectivity

Here, we focus on how to constrain the mobility of multiple agents in order
to maintain connectivity for the entire network that they fo rm. We again
consider the case of rst-order agents moving according to tk discrete-time
equation (4.1.1) and communicating over Gyjsk (r).

9
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Loosely stated, the network connectivity maintenance problemis as fol-

form a connectedr-disk graph Gyisk(r), the objective is to nd a rich set
of control inputs for all agents with the property that, at ti me ~ + 1, the
agents' new positionsP (" +1) again form a connectedr-disk graph Gyisk (r).
We provide a simple, but potentially conservative, solution to this problem
as follows.

De nition 4.4 (Connectivity constraint set for groups of agents).
Consider a group of agents at positionsP = fpll;::::plMlg  RY. The
connectivity constraint set of agenti with respect to P is

Xaisk(P'1;P) = x 2 Xaisk(P';0) ja2 P nfpllgst kg pllke 1 :

In other words, if qy;:::;q are agents' positions whose distance fronpl]
is no more thanr, then the connectivity constraint set for agent i is the
intersection of the constraint setsB (g + pll); 5 for k 2 f1;:::;1g (see
Figure 4.2).

Figure 4.2 An illustration of network connectivity maintenance. The ¢ onnectivity Xgisk -
constraint set of the white-colored agent is the intersection of the in dividual
constraint sets determined by its neighbors.

The following result is a consequence of Lemma4.2.

Lemma 4.5 (Maintaining network connectivity). Consider a group
of agents at positionsP(*) = fpll();:::;p"M(")g RY at time . If each

10
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agent's control ul'l(*) takes value in
ullC) 2 Xask PUCYPC) - PUC); i 2fLiing;
then, according to the discrete-time motion model(4.1.1):

(i) each agent remains in its connectivity constraint set, that is, pi!(* +
1) 2 Xaisk(PC); PC));

(i) each edge of Gyisk(r) at P(") is maintained after the motion step,
that is, if kpl!(") pll()k, 1, then alsokplil(C+1) plIC+1) ks
r;

(i) if Gysk(r) at time ° is connected, then Gyisk(r) at time ~ + 1 is
connected; and

(iv) the number of connected components of the graplsk(r) at time
“+1 is equal to or smaller than the number of connected componesnt
of the graph Gyisk (r) at time ".

Remark 4.6 (Constraints for relative-sensing networks: cont'd)
Following up on Remark 4.3, the connectivity constraint set in De nition 4.4,
written in the frame [ is

Xdisk (Og; pi[ll: N pi[n]g)

r

" . . 0
= x2B '7; j 6 i such that kpll! pilk, r

Next, we relax the constraints in De nition 4.4 to provide the network
nodes with larger, and therefore less conservative, moticgonstraint sets.
Recall from Section 2.2 the relative neighborhood graph Gzn, the Gabriel
graph Gg, and ther-limited Delaunay graph G_p (r). These proximity graphs
are illustrated in Figure 2.8. From Theorem 2.8 and Proposition 2.9, respec-
tively, recall that the proximity graphs Ggrn\G gisk(r), Gs\G gisk(r), and
G (r) have the following properties:

(i) they have the same connected components &k (1), that is, for all
point sets P RY, all graphs have the same number of connected
components consisting of the same vertices; and

(ii) they are spatially distributed over Gyisk(r).

These mathematical facts have two implications. First, to maintain or de-
crease the number of connected components of a disk graph, i$ su cient

to maintain or decrease the number of connected componentsf @any of the
three proximity graphs Gan \ G gisk(r), Gs \G 4isk(r), and Gp (r). Because
each of these graphs is more sparse than the disk graph, thas,i they are
subgraphs of Gyisk(r), fewer connectivity constraints need to be imposed.

11
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Second, because these proximity graphs are spatially distvuted over the
disk graph, it is possible for each agent to determine which bits neigh-
bors in Gyisk (1) are also its neighbors in these subgraphs. We formalize thi
discussion as follows.

De nition 4.7 ( G-connectivity constraint set). Let G be a proxim-
ity graph that is spatially distributed over Gysk(r) and that has the same
connected components a$3isk(r). Consider a group of agents at positions
P=fpll:::;plNlg RY. The G-connectivity constraint set of agenti with
respect toP is

Xaisk,c(p'); P)
X 2 Xgisk(pM: @) j g2 P s.t. (q; ") is an edge of G(P) :

Lemma 4.8 (Maintaining connectivity of sparser networks). Let G
be a proximity graph that is spatially distributed overGyisk(r) and that has
the same connected components &S5k (r). Consider a group of agents at

ulll(") takes value in
ullC) 2 Xaske PICHPC) - PIC) P2FL:ng;
then, according to the discrete-time motion model(4.1.1):

(i) each agent remains in its G-connectivity constraint set;

(i) two agents that are in the same connected component o6 remain
at the same connected component after the motion step; and

(iii) the number of connected components of the graplG at P(* +1) is
equal to or smaller than the number of connected componentd the
graphGat P(").

The reader is asked to provide a proof of this result in Exercge E4.1.

4.2.3 Enforcing range-limited line-of-sight links and net work connectivity

Here, we consider the connectivity maintenance problem fora group of
agents with range-limited line-of-sight communication, as decribed in Ex-

ample 3.6. It is convenient to treat directly and only the case of a com-
pact allowable nonconvex environmentQ R? contracted into Q = fq2

Qj dist(g;@Q® g for a small positive . We present a solution based on
designing constraint sets that guarantee that every edge afhe range-limited

visibility graph Gis.gisk, 0 IS preserved.

12
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@ (b)

Figure 4.3 Image (a) shows the set Vigsk (p'';Q )\ B(3(p"! + pU’); 5). Image (b) illus-
trates the execution of the iterated truncation algorithm . Robots i and
j are constrained to remain inside the shaded region in (b), which is a convex
subset of Q and of the closed ball with center (p"! + pi’) and radius 5.

We begin with a useful observation and a corresponding geontéc algo-
rithm. Assume that, at time °, robot j is inside the range-limited visibility
set from pll in Q , that is, with the notation of Section 2.1.2

PUIC) 2 Vigis(PP1(): Q ) = Vi( pUI(C); Q )\ B(pUI():r):
This property holds also at time * +1 if kpl(" +1) pll(C +1)k, r and
pC +1);pllC +1)] Q. A sucient condition is therefore that

plIC +1); pUIC +12) 2X;
for some convex subseX of Q \ B 3(pl1(")+ pl1(*)); 5 . Intuitively speak-
ing, X plays the role of X -constraint set for the proximity graph Giis-gisk,Q -

The following geometric algorithm, given the positions pl'! and pli! in an
environment Q , computes precisely one such convex subset:

function iterated truncation (P pl); Q)
% Executed by robot at position pli] assuming that robotj is at position
p1 within range-limited line of sight of pl'
1 Xtemp = Vi disk(p[I];Q )\ B %(p[l] + ph]);ri
2: while @Xemp contains a concavity do
3 v := a strictly concave point of @emp closest to pl'l; pil]
4 Xtemp = Xtemp \ Hg (V)

Note: in step 3: multiple points belonging to distinct concavities may
satisfy the required property. If so, v may be chosen as any of them.

Figure 4.3 illustrates an example convex constraint set computed by tle

13
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iterated truncation algorithm . Figure 4.4 illustrates the step-by-step
execution required to generate Figure4.3(b).

Figure 4.4 From left to right, a sample run of the iterated truncation algorithm
The set Xemp = Vi gisc (p5; Q )\ B(3(p™" + pl'l); 5) is shown in Figure 4.3(a).
The lightly and darkly shaded regions together represent X mp at the current
iteration. The darkly shaded region represents Xemp \ Ho (v), where v is as
described in step 3:. The outcome of the execution is shown in Figure 4.3(b).

Next, we characterize the main properties of theiterated truncation
algorithm . It is convenient to de ne the set

J=f(Ppd2Q Q j[md2Q andkp gk rg

Proposition 4.9 (Properties of the iterated truncation algorithm).
Consider the -contraction of a compact allowable environmentQ with
strict concavities, and let (pfl; pi!) 2 J. The following statements hold:

() The iterated truncation algorithm , invoked with arguments
(pl'l; plil: Q ), terminates in at most  steps; denote its output by
Xvis-disk (P P01 Q).

(i) Xvis-gisk (Pi1; pil; Q ) is nonempty, compact and convex.

(i) Xvis-disk (P'; pU1; Q) = Xuis-aisk (PU1; pI; Q ).
(iv) The set-valued map(p; Q) 7! X vis-dgisk (P; 0, Q ) is closed atJ.

In the interest of brevity, we do not include the proof here ard instead
refer the reader to Ganguli et al. (2009. We just mention that fact (i) is
a consequence of the fact that all relevant concavities in tk computation of
Xyis-disk (P'1; pi1; Q ) are visible from both agentspl'! and pli!. We are nally
ready to provide analogs of De nition 4.4 and Lemma4.5.

De nition 4.10 (Line-of-sight connectivity constraint set). Consider
a nonconvex allowable environmentQ and two agentsi andj within range-
limited line of sight. We call Xyisgisk (p'!; pi; Q ) the pairwise line-of-sight
connectivity constraint set of agenti with respect to agentj. Furthermore,

limited line of sight of agent i, the line-of-sight connectivity constraint sets

14

\Distributed Control of Robotic Networks" by F. Bullo, J. Cor es and S. Martnez
Copyright ¢ 2006-2008. Manuscript under contract. This version: May 20 , 2009



DCRN Chapter 4: Rendezvous

of agenti with respectto P is
Xvis-disk(p[i]; P;Q)= x2 Xvis-disk(p[i]; ¢Q)jg2Pnf p[i]g :

The following result is a consequence of Propositio.9.
Lemma 4.11 (Maintaining network line-of-sight connectivity). Con-

*. If each agent's control ulll(*) takes value in
ullC) 2 Xuis.aisk PPIC)PCYRQ  pUIC); i2f1:i;ng,
then, according to the discrete-time motion model(4.1.1):
(i) each agent remains in its constraint set, that is,
P +1) 2 Xyisaisk (PC);PC): Q)
(i) each edge ofGis.gisk,0 at P(") is maintained after the motion step,

that is, if pli! and pl! are within range-limited line of sight at time
*, then they are within range-limited line of sight also at time ~ +1;

(i) if Giis-disk,@ at P(") is connected, thenGyis.gisk, o at P(" + 1) is
connected; and

(iv) the number of connected components of the grap@yis.gisk, o at P (" +
1) is equal to or smaller than the number of connected componesnt

of the graphGiis.gisk, o at P(").

Remark 4.12 (Constraints for relative-sensing networks: cont'd)

Following up on Remarks4.3and 4.6, we consider a relative-sensing network
with range-limited visibility sensors (see Example 3.16). To compute the
connectivity constraint set for this network, it su ces to p rovide a relative
sensing version of theterated truncation algorithm

function relative-sensing iterated truncation (Y; Yenv)

% Executed by roboti with range-limited visibility sensor:
robot measurement isy = pi[‘] 2 Vigisk(02;(Q )i) for j 6 i
environment measurement iSyenv = Vi disk (02; (Q )i)

— plil
1 Xtemp = Yenv\ B pIT:%
2: while @Xemp contains a concavity do
3. v:= astrictly concave point of @Xiemp closest to D; Y]
4 Xtemp = Xtemp \ Hy,,, (V)
5: return  Xeemp

The algorithm output is Xyis.disk (Og; y), for y = pl1 2 Vigisk(02: (Q )i)-
Next, we relax the constraints in De nition 4.10to provide the network

15
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nodes with larger, and therefore less conservative, motioronstraint sets.
Similarly to Section 4.2.2, we seek to enforce the preservation of a smaller
number of range-limited line-of-sight links, while still making sure that the
overall network connectivity is preserved. To do this, we reall from Sec-
tion 2.2 the notion of locally cliqueless graphG¢ g of a proximity graph
G. This proximity graph is illustrated in Figure 2.12 Let us use the short-
hand notation Ge.vis-disk, @ G Ic,Gieux. o - FrOM Theorems2.11(ii) and (jii),
respectively, recall that Ge.vis.gisk, o has the following properties:

(i) it has the same connected components a&is.gisk, @ » that is, for all
point sets P RY, the graph has the same number of connected
components consisting of the same vertices; and

(i) it is spatially distributed over Giis-gisk,Q -
Because of (i), to maintain or decrease the number of conneetl components
of a range-limited visibility graph, it is su cient to maintai n or decrease the
number of connected components of the sparser grapBc.vis-gisk, o - Because
of (ii), it is possible for each agent to determine which of is neighbors in

Giis-disk, @ are its neighbors also inGe.yis-dgisk, o - We formalize this discussion
as follows.

De nition 4.13 (Locally cliqueless line-of-sight connectivity con -
straint set).  Consider a nonconvex allowable environmen)  R? and a

line-of-sight connectivity constraint set of agenti with respect to P is

Xic-vis-disk (p[i]; P;Q)= x2 Xvis-disk(p[i]; Q)
q2P st (q;p") is an edge ofGe.vis-disk, @ (P)

The following result is a direct consequence of the previouarguments.
Lemma 4.14 (Maintaining connectivity of sparser networks). Con-

*. If each agent's control ull(*) takes value in
u[i](\) 2 Xc-vis-disk p[i](\); P()Q p[i](\); i2f1::5ng;
then, according to the discrete-time motion model(4.1.1):

(i) each agent remains in its locally cliqueless line-of-giht connectivity
constraint set;

(i) two agents that are in the same connected component dBc.yis-disk, Q
remain at the same connected component after the motion steand

(iii) the number of connected components of the graphGe.yis.disk, @ at

16
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P( +1) is equal to or smaller than the number of connected com-
ponents of the graphGe.yis-disk, @ at P(").

4.3 RENDEZVOUS ALGORITHMS

In this section, we present some algorithms that might be usé by a robotic
network to achieve rendezvous. Throughout the section, we m@inly focus on
the uniform network Sgig Of locally connected rst-order agents in RY; this
robotic network was introduced in Example 3.4.

4.3.1 Averaging control and communication law

We rst study a behavior in which agents move toward a position computed
as the average of the received messages. This law is relatemthe distributed

linear algorithms discussed in Sectionl.6 and, in particular, to adjacency-

based agreement algorithms and Vicsek's model. This algottitm has also
been studied in the context of \opinion dynamics under bounded con dence"
and is known in the literature as the Krause model.

We loosely describe theaveraging law, which we denote byC Gyeraging
as follows:

[Informal description] In each communication round each agent
performs the following tasks: (i) it transmits its position and
receives its neighbors' positions; (ii) it computes the aveage of
the point set comprised of its neighbors and of itself. Betwen
communication rounds, each robot moves toward the average
point that it computed.

We next formulate the algorithm, using the description modd of Chap-
ter 3. The law is uniform, static, and data-sampled, with standard message-
generation function. (Recall from De nition 3.9 and Remark 3.11 that a
control and coordination law (1) is uniform if processor stde set, message-
generation, state-transition and control functions are the same for each
agent; (2) is static if the processor state set is a singletoni.e., the law
requires no memory; (3) is data-sampled if if the control fundions are in-
dependent of the current position of the robot and depend on} upon the
robots position at the last sample time.)

Robotic Network: Sgisk With motion model (4.1.1) in RY,
with absolute sensing of own position, and
with communication range r

17
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Distributed Algorithm: averaging
Alphabet: A = RY[f null g

function msg(p;i)
1 return p

function ctl(p;y)
1: return  avrg(f pg[f Prevd J Prevd IS @ non-null message iryg) p

An implementation of this control and communication law is shown in
Figure 4.5 for d = 1. Note that, along the evolution, (1) several robots
rendezvousthat is, agree upon a common location, and (2) some robots are
connected at the simulation's beginning and not connected tathe simula-
tion's end (e.g., robots number 8 and 9, counting from the lef). Our analysis

LA

Figure 4.5 The evolution of a robotic network Sgisk , with r = 1:5, under the averaging
control and communication law. The vertical axis corresponds to the elap sed
time, and the horizontal axis to the positions of the agents in the real lin e.
The 51 agents are initially randomly deployed over the interval [ 15; 15].

PNwWwh~OOIO N
RPNwhOOOON

of the performance of this law is contained in the following heorem, whose
proof is postponed to Section4.6.1

Theorem 4.15 (Correctness and time complexity of averaging law).
For d = 1, the network Syisk, the law CGyeraging achieves the tasKTingzys
with time complexity

TC(Tindzvs s CGueraging ) 2 O(nS);
TC(Tindzvs: CGueraging ) 2 ( Nn):

4.3.2 Circumcenter control and communication laws

Here, we de ne thecrcmentr  control and communication law for the net-
work Sgisk. The law solves the rendezvous problem while keeping the net
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work connected. This law was introduced byAndo et al. (1999 and later
studied by Lin et al. (20079 and Cores et al. (2009.

We begin by recalling two useful geometric concepts: (i) gien a bounded
set S, its circumcenter CC(S) is the center of the closed ball of minimum
radius containing S (see Section2.1.3); (ii) given a point pin a convex setQ
and a second pointg, the from-to-inside map fti(p; q; S is the point in the
closed segmenty; g which is at the same time closest tog and inside S (see
Section2.1.1). Finally, recall also the connectivity constraint set int roduced
in De nition 4.4.

We loosely describe thecrcmentr  law, denoted by CGremenyr , a@s fol-
lows:

[Informal description] In each communication round each agent
performs the following tasks: (i) it transmits its position and re-

ceives its neighbors' positions; (ii) it computes the circuncenter

of the point set comprised of its neighbors and of itself. Betveen

communication rounds, each robot moves toward this circum-
center point while maintaining connectivity with its neigh bors

using appropriate connectivity constraint sets.

We next formulate the algorithm, using the description modd of Chap-
ter 3. The law is uniform, static, and data-sampled, with standard message-
generation function:

Robotic Network: Sgisk With discrete-time motion model (4.1.1),
with absolute sensing of own position, and
with communication range r, in RY

Distributed Algorithm: crcmentr
Alphabet: A = RA[f null g

function msg(p;i)
1 return p

function ctl(p;y)
1: Pgoal = CC(fpg f Prevd j for all non-null prevg 2 Q)
2. X 1= Xdisk (P; T Preva ] for all non-null prevg 2 y0)
3 return  fti( p; Pgoas X) P

This algorithm is illustrated in Figure 4.6.
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Figure 4.6 An illustration of the execution of the crcmentr algorithm . Each row of
plots represents an iteration of the law. In each round, each agent computes
its goal point and its constraint set, and then moves toward the goal while
remaining in the constraint set.

Next, let us note that it is possible and straightforward to implement
the circumcenter law as a static relative-sensing control lav on the relative-
sensing network with disk sensorsS{,, introduced in Example 3.15

Relative Sensing Network:  S[i, with motion model (4.1.2),
no communication, relative sensing for roboti given by:

robot measurementsy contains pi[” 2 B(0y;r) forall j 6 i
Distributed Algorithm: relative-sensing crcmcentr

function ctl(y)
1: Pgoal := CC(fOqg[f p§n5dj for all non-null pspsq 2 YQ)
2: X = Xaisk (Og; f Psnsa J for all non-null pspsg 2 yQ)
3: return  fti( Og; Pgoal; X)

In the remainder of this section, we generalize the circumager law in a
number of ways: (i) we modify the constraint set by imposing bounds on
the control inputs and by relaxing the connectivity constraint as much as
possible, while maintaining connectivity guarantees; and(ii) we implement
the circumcenter law on two distinct communication graphs. Let us note
that many of these generalized circumcenter laws can also bienplemented
as relative-sensing control laws; in the interest of brevity we do not present
the details.
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4.3.2.1 Circumcenter law with control bounds and relaxed mectivity con-
straints

First, assume that the agents have a compact input spac&) = B (Og; Umax),
with umax 2 Rs>o. Additionally, we adopt the relaxed G-connectivity con-
straint sets as follows. Let G be a proximity graph that is spatially dis-
tributed over Gysk(r) and that has the same connected components as
Gyisk(r); examples includeGrn \ G gisk(r), Go \G g4isk(r), and Gp (r). Recall
the G-connectivity constraint set from De nition 4.7. Combining the relaxed
connectivity constraint and the control magnitude bound, we rede ne the
control function in the crcmentr  law to be:

function ctl(p;y)
% Includes control bound and relaxeds-connectivity constraint

1: Pgoal := CC(fpg[f preva j for all non-null prevg 2 yg)

2: X := Xdisk,a(P; f Preva J for all non-null preva 2 yg)\ B(P; Umax)
3: return  fti( p; pgoa; X) P

Second, the circumcenter law can be implemented also on rokio net-
works with di erent proximity graphs. For example, we can im plement the
circumcenter algorithm without any change on the following network.

4.3.2.2 Circumcenter law on the limited Delaunay graph

We consider the same set of physical agents as iB4isk. For r 2 Rsq,
we adopt as communication graph ther-limited Delaunay graph Gp(r),
described in Section2.2. These data de ne the uniform robotic network

we implement thecrcmentr  law without any change, that is, with the same
message-generation and control function as we did for the inlpmentation
on the network Sgyjsk -

4.3.2.3 Parallel circumcenter law on thk -disk graph

We consider the network S; .gisk Of rst-order robots in RY, connected ac-
cording to the G, gisk(r) graph (see Example3.4). For this network, we

de ne the pll-crcmentr law, which we denoted by CG.crementr  , by de-
signing d decoupled circumcenter laws running in parallel on each cadinate

axis of RY. As before, this law is uniform and static. What is remarkable,
however, is that no constraint is required to maintain connectivity (see Ex-

erciseE4.4).
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The parallel circumcenter of the setS, denoted by PCC(S), is the center
of the smallest axis-aligned rectangle containingS. In other words, PCC(S)
is the component-wise circumcenter ofS (see Figure 4.7). We state the

Figure 4.7 The gray point is the parallel circumcenter of the collecti on of black points.

parallel circumcenter law as follows:

Robotic Network: S; _gisk With discrete-time motion model (4.1.1) in RY,
with absolute sensing of own position, and
with communication range r in L1 -metric

Distributed Algorithm: pll-crcmentr
Alphabet : A = RI[f null g
function msg(p;i)

1 return p

function ctl(p;y)

1: Pgoal := PCC(fpg[f preva j for all non-null preva 2 yQ)

4.3.3 Correctness and complexity of circumcenter laws

In this section, we characterize the convergence and compliy properties
of the circumcenter law and of its variations. The following theorem sum-
marizes the results known in the literature about the asymptotic properties
of the circumcenter law.

Theorem 4.16 (Correctness of the circumcenter laws). For d 2 N,
r 2 Rsg, and" 2 Rs, the following statements hold:
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(i) on the network Sgisk, the law CGrementr  (With control magnitude
bounds and relaxedG-connectivity constraints) achieves the exact
rendezvous tasKlngzvs;

(ii) on the network Sip, the law CGrcmentr  achieves the"-rendezvous
taSk T"_rndzvs; and

(i) on the network S; .gisk, the law CGji.crementr achieves the exact
rendezvous tasKlngzys -

Furthermore, the evolutions of (Sgisk; CGrementr )» (Stp ; CGremenr ), @and
(S1 -disk; CGii-crementr ) have the following properties:

(iv) If any two agents belong to the same connected componewf the
respective communication graph at® 2 Z g, then they continue to

belong to the same connected component for all subsequernnés
K

(b) for eachi;j 2f1;:::;ng, either p, = P, or Kp; P, ko >r
(for the networks Sgisk and S p) or kp P, ki >r (for the
network S; _gisk)-

The proof of this theorem is given in Section4.6.2 The robustness of
the circumcenter control and communication laws can be chaacterized with
respect to link failures (seeCores et al., 2000).

Next, we analyze the time complexity of CGrementr - AS We will see, next,
the complexity of CGrementr i €rs dramatically when applied to robotic
networks with di erent communication graphs. We provide complete results
for the networks Sgisk and S p only for the cased = 1.

Theorem 4.17 (Time complexity of circumcenter laws). Forr 2 Rsg
and " 2 ]0; 1, the following statements hold:

() on the network Sgisk, evolving on the real lineR (i.e., with d = 1),
TC(Tindzvs: CGrementr ) 2 ( N);

(i) on the network S p, evolving on the real lineR (i.e., with d = 1),
TC(T(r" )-dzvs ; CGrementr )2 ( n? log(n" 1)); and

(i) on the network S; _gisk, evolving on Euclidean space (i.e., withd 2
N), TC(Tindzvs: CGil-crementr ) 2 ().

The proof of this result is contained in Martnez et al. (2007).
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Remark 4.18 (Analysis in higher dimensions). The results in The-
orems 4.17(i) and (ii) induce lower bounds on the time complexity of the
circumcenter law in higher dimensions. Indeed, for arbitray d 1, we have
the following:

(i) on the network Sgisk, TC( Trndzvs; CGrementr ) 2 ( N);
(i) on the network Sip, TC(T(r")-rndzvs ; CGremenr ) 2 ( nZlog(n” 1)).

We have performed extensive numerical simulations for the ased = 2

and the network Sgisk. We run the algorithm starting from generic initial

con gurations (where, in particular, the robots' position s are not aligned)
contained in a bounded region ofR%2. We have consistently obtained that
the time complexity to achieve Tigzys With CGremenyr  Starting from these
initial con gurations is independent of the number of robots. This leads
us to conjecture that initial con gurations where all robot s are aligned
(equivalently, the 1-dimensional case) give rise to the worspossible per-
formance of the algorithm. In other words, we conjecture thd, for d 2,

TC(Tindzvs: CGrementr ) = ( N).

Remark 4.19 (Congestion e ects). As discussed in Remark3.8, one
way of incorporating congestion e ects into the network opeation is to as-
sume that the parameters of the physical components of the ne/ork depend
upon the number of robots|for instance, by assuming that the communica-
tion range decreases with the number of robots. Theorend.17 presents an
alternative, equivalent, way of looking at congestion: theresults hold un-
der the assumption that the communication range is constant but allow for
the diameter of the initial network con guration (the maxim um inter-agent
distance) to grow unbounded with the number of robots.

4.3.4 The circumcenter law in nonconvex environments

In this section, we adapt the circumcenter algorithm to work on networks
in planar nonconvex allowable environments. Throughout the section, we
only consider the case of a compact allowable nonconvex emghment Q
contracted into Q for a small positive . We present the algorithm in
two formats: for the communication-based network Syis.gisk described in
Example 3.6, and for the relative-sensing networkS, ;.. described in Ex-
ample 3.16.

We modify the circumcenter algorithm in three ways: rst, we adopt the
connectivity constraints described in the previous sectia for range-limited
line-of-sight links; second, we further restrict the robot mation to remain
inside the relative convex hull of the sensed robot positios; and third, we

24

\Distributed Control of Robotic Networks" by F. Bullo, J. Cor es and S. Martnez
Copyright ¢ 2006-2008. Manuscript under contract. This version: May 20 , 2009



DCRN Chapter 4: Rendezvous

move towards the circumcenter of the constraint set, insted of the circum-
center of the neighbors positions. The details of the algothm are as follows:

Robotic Network: Syis.gisk With discrete-time motion model (4.1.1),
absolute sensing of own position and of) , and
communication ranger within line of sight ( Gjis-disk, @ )

Distributed Algorithm: nonconvex crcmentr
Alphabet: A = R?[f null g

function msg(p;i)
1 return p

function ctl(p;y)

1: X1 1= Xyisdisk (P; T Preva | for all non-null prevg 2 ¥9;Q )
2: Xo:=rco(fpg[f prevg j for all non-null prevg 2 yG; Vi(p; Q ))

4: return  fti( p; Pyoar; B (P Umax)) P

Next, we present the relative sensing version; recall thapi['] = 0, and that,
as discussed in Sectior8.2.3 in the context of the evolution of a relative
sensing network with environment sensors,yeny denotes the environment
measurement provided by the range-limited visibility sensa:

Relative Sensing Network:  S{2_ . with motion model (4.1.2) in Q ,
no communication, relative sensing for roboti given by:

robot measurementsy contains pi[’] 2 Vigisk(02; (Q )i) for j 6 i
environment sensing isyeny = Vi gisk (02; (Q )i)

Distributed Algorithm: nonconvex relative-sensing crcmentr

function ctl(y; Yenv)

1: X1 1= Xvis-disk (02; f Psnsd | for all non-null psnsa 2 y9; Yenv)
2: Xz :=rco(f029[f Psnsa ] for all non-null psnsa 2 y9; Yenv)
3: Pgoal := CC(X1\X ZL

4. return  fti( 02; Pgoal; B (02; Umax))

Theorem 4.20 (Correctness of the circumcenter law in nonconvex
environments). For > O, let Q be a contraction of a compact allow-
able nonconvex environmentQ. For r 2 Rsg and " 2 Rsg, on the net-
work Syis-disk » the law CGionconvex crementr  (With control magnitude bounds)
achieves the"-rendezvous taskT_4zvs. Furthermore, the evolution has the
following properties:
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(i) If any two agents belong to the same connected component the
graph Gjsdisk, g at = 2 Z o, then they continue to belong to the
same connected component for all subsequent timés

not within range-limited line of sight.

The proof of this result can be found in Ganguli et al. (2009. A brief
sketch of the proof steps is presented in Sectiod.6.4 The complexity of
the nonconvex crcmentr law has not been characterized. However, note
that the evolution from any initial con guration such that Gis,o is complete
is also an evolution of thecrcmentr  law discussed in Sectior4.3.2 and
hence Theorem4.17(i) induces a lower bound on the time complexity.

4.4 SIMULATION RESULTS

In this section, we illustrate the execution of some circumenter control and
communication laws introduced in this chapter. The crcmentr  law is im-
plemented on the networksSyisk, Sip, and S; gisk in Mathematica® as a
library of routines and a main program running the simulation. The pack-
agesPlanGeom.nmand SpatialGeom.m contain routines for the computation
of geometric objects inR? and R3, respectively. These routines are freely
available at the book webpagehttp:/coordinationbook.info

First, we show evolutions of (Sgisk; crcmentr ) in two and three dimen-
sions in Figures4.8 and 4.9, respectively. Measuring displacements in me-
ters, we consider random initial positions over the square [7;7] [ 7;7]
andthecube [ 7;7] [ 7;7] [ 7;7]. The 25 robotic agents have a com-
munication radius r = 4 and a compact input spaceU = B (0g; Umax), With
Umax = 0:15. As the simulations show, the taskThq,vs iS achieved, as guar-
anteed by Theorem4.16(i).

Second, within the same setup, we show an evolution of§ p ; crcmentr )
in two dimensions in Figure 4.10. As the simulation shows, the taskT-_inqzvs
is achieved, as guaranteed by Theorerd.16(ii).

Third, we show an evolution of (S; gisk; pll-crcmentr ) in two dimen-
sions in Figure 4.11 As the simulations show, the task Tyhgzvs IS achieved,
as guaranteed by Theorem4.1§iii).

Finally, we refer the interested reader to Ganguli et al. (2009 for simula-
tion results for the nonconvex crcmentr algorithm.
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Figure 4.8 The evolution of ( Sgisk ; crcmentr ) with n = 25 robots in 2 dimensions: (a)
shows the initial connected network con guration; (b) shows the evol ution of
the individual agents until rendezvous is achieved.

4.5 NOTES

The rendezvous problem and the circumcenter algorithm wereoriginally
introduced by Ando et al. (1999. The circumcenter algorithm has been
extended to other control policies, including asynchronog implementations,
in Lin et al. (2007gb). The circumcenter algorithm has been extended
beyond planar problems to arbitrary dimensions in Cores et al. (20009,
where its robustness properties are also characterized. Barding Theo-
rem 4.16, the results on Syisk appeared originally in Ando et al. (1999; the
results onS.p and onS; _gisk appeared originally in Cores et al. (2006 and
in Martnez et al. (2007, respectively. Variations of the circumcenter law
in the presence of noise and sensor errors are studied artnez (2009.
The continuous-time version of the circumcenter law, with no connectivity
constraints, is analyzed inLin et al. (20079. Continuous-time control laws
for groups of robots with simple rst-order dynamics and unicycle dynamics
are proposed inLin et al. (2004 2005 and Dimarogonas and Kyriakopou-
los (2007). In these works, the inter-robot topology is time dependentand
assumeda priori to be connected at all times. Rendezvous under communi-
cation quantization is studied in Fagnani et al. (2004 and Carli and Bullo
(2009. Rendezvous for unicycle robots with minimal sensing caphilities
is studied by Yu et al. (2009. Relationships with classic curve-shortening
ows are studied by Smith et al. (2007).

Rendezvous has also been studied within the computer scieaditerature,
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(b)

Figure 4.9 The evolution of ( Sgisk ; crementr ) with n = 25 robots in 3 dimensions: (a)
shows the initial connected network con guration; (b) shows the evol ution of
the individual agents until rendezvous is achieved.

where the problem is referred to as the \gathering," or point formation,
problem. Flocchini et al. (1999 and Suzuki and Yamashita (1999 study the
point formation problem under the assumption that each roba is capable
of sensing all other robots. Flocchini et al. (2005 propose asynchronous
algorithms to solve the gathering problem, and Agmon and Peleg (2009
study the solvability of the problem in the presence of faully robots.

Multi-robot rendezvous with line-of-sight sensors is consideed in Roy and
Dudek (2007), where solutions are proposed based on the exploration ohe
unknown environment and the selection of appropriate rendevous points
at pre-speci ed times. Hayes et al. (2003 also consider rendezvous at a
speci ed location for visually guided agents, but the propcsed solution re-
quires each agent to have knowledge of the location of all o#tr agents. The
problem of computing a multi-robot rendezvous point in polyhedral sur-
faces made of triangular faces is considered ihanthier et al. (2009. The
perimeter-minimizing algorithm presented by Ganguli et al. (2009 solves
the rendezvous problem for sensor-based networks with lineteight range-
limited sensors in nonconvex environments.

Regarding the connectivity maintenance problem, a number éworks have
addressed the problem of designing a coordination algoritim that achieves
a general, non-speci ed task while preserving connectivity The centralized
solution proposed inZavlanos and Pappagy(2009 allows for a general range
of agent motions. The distributed solution presented by Savla et al. (2009
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Figure 4.10 The evolution of (Sip ;crementr ) with n = 25 robots in 2 dimensions: (a)
shows the initial connected network con guration; (b) shows the evol ution of
the individual agents until rendezvous is achieved.

gives connectivity maintaining constraints for second-order control systems
with input magnitude bounds. A distributed algorithm to per form graph

rearrangements that preserve the connectivity is presentg in Schuresko and
Cores (2007). Connectivity problems have been studied also in other con
texts. Langbort and Gupta (2009 study the impact of the connectivity

of the interconnection topology in a class of network optimiation prob-

lems. Spanos and Murray (2005 generate connectivity-preserving motions
between pairs of formations. Ji and Egerstedt (2007) design Laplacian-based
control laws to solve formation control problems while pregrving connec-
tivity. Various works have focused on designing the networkmotion so that

some desired measure of connectivity (e.g., algebraic coaativity) is max-

imized under position constraints. Boyd (200§ and de Gennaro and Jad-
babaie (2009 consider convex constraints, whileKim and Mesbahi (2006

deal with a class of nonconvex constraints.Zavlanos and Pappay2007) use
potential elds to maximize algebraic connectivity.

A continuous-time version of the averaging control and commuication law
is also known as the Hegselmann-Krause model for \opinion dyamics under
bounded con dence" (seeHegselmann and Krause 2002 Lorenz, 2007). In
this model, each agent may change its opinion by averaging itvith that of
neighbors who are in an"-con dence area. In other words, the di erence
between the agent's opinion and those of its neighbors' shdd be bounded
by ". A similar model where the communication between agents isandom
is the De uant-Weisbuch model, inspired by a model of dissenmation of
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Figure 4.11 The evolution of (S1 sk ; pll-crementr ) with n = 25 robots in 2 dimen-
sions: (a) shows the initial connected network con guration; (b) show s the
evolution of the individual agents until rendezvous is achieved.

culture (see De uant et al. , 2000 Axelrod, 1997.

4.6 PROOFS

This section gathers the proofs of the main results presentkin the chapter.

4.6.1 Proof of Theorem 4.15

Proof. One can easily prove that, along the evolution of the network the or-
dering of the agents is preserved, that is, the inequalityll  plilis preserved
at the next time step. However, links between agents are not acessarily pre-
served (see, e.g., Figurd.8). Indeed, connected components may split along
the evolution. However, merging events do not occur. Consier two contigu-
ous connected component€; and C, of Gyisk(r), with C; to the left of C..
By de nition, the rightmost agent in the component C; and the leftmost
agent in the componentC, are at a distance strictly larger than r. Now,
by executing the algorithm, they can only but increase that distance, since
the rightmost agent in C; will move to the left, and the leftmost agent in
C, will move to the right. Therefore, connected components do ot merge.

Consider rst the case of an initial network con guration fo r which the
communication graph remains connected throughout the evaltion. Without
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loss of generality, assume that the agents are ordered fronetft to right ac-
cording to their identi er, that is, pl¥(0) pil(0). Let 2f3;:::;ng
have the property that agentsf2;:::; 1g are neighbors of agent 1, and
agent is not. (If, instead, all agents are within an interval of length r, then
rendezvous is achieved in 1 time instant, and the statementri theorem is
easily seen to be true.) Note that we can assume that agents2; :::; 19
are also neighbors of agent . If this is not the case, then those agents that
are neighbors of agent 1 and not of agent rendezvous with agent 1 at the
next time instant. At the time instant = = 1, the new updated positions
satisfy

X 1

= " pMo);
k=1

hlx i
ptlay2 = pdoy; ;2120 g
k=1
where denotes a certain unimportant point.

Now, we show that
ptt 1y pdo) 4.6.1

Let us rst show the inequality for = 3. Because of the assumption that
the communication graph remains connected, agent 2 is stila neighbor of
agent 1 at the time instant ~ = 1. Therefore, pll(2)  3(p(1) + pi?(1)),
and from here we deduce

@) plo) I pPa) po)

2
11 1
>3 pH) + pi0) + pBlo)  pt(0) 5 pBl)  piH(0)

Let us now proceed by induction. Assume that inequality @.6.1) is valid for

1, and let us prove it for . Consider rst the possibility, when at the
time instant * = 1, thabthe agent 1 is still a neighbor of agent 1. In
this case,p(2) -1; . piI(2), and from here we deduce

i) o g T o)
X
117 ey o)
k=1
0 [ o
g e pe g

which, in particular, implies (4.6.1). Consider then the case when agent
1 is not a neighbor of agent 1 at the time instant™ = 1. Let <
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such that agent 1 is a neighbor of agent 1 at' = 1, but agent is not.
Since < , we have by induction plf( ) plt(1) 1y From here, we

;-
deduce thatptl( 1) pf(©0)

1)

Itis clear that after "1 = 1, we could again consider two complementary
cases (either agent 1 has all others as neighbors or not) ané&peat the same
argument once again. In that way, we would nd ", such that the distance
traveled by agent 1 after “, rounds would be lower bounded byﬁ.
Repeating this argument iteratively, the worst possible cae is one in which
agent 1 keeps moving to the right and, at each time step, therds always
another agent which is not a neighbor. Since the diameter of lie initial
condition Pg is upper bounded by (@ 1)r, in the worst possible situation,
there exists some time’y such that (nkirl)n = O(r(n 1)). This implies that
k = O((nP 1)?n). Now we can upper bound the total convergence time i
by "k = !‘:1 i k k(n 1), where we have used that ; n for all
i 2f1::::ng. From here, we see that', = O((n 1)°n), and hence we
deduce that in O(n(n 1)) time instants there cannot be any agent which
is not a neighbor of the agent 1. Hence, all agents rendezvolwst the next

time instant. Consequently,
TC(Tindzvs s CGveraging ; Po) = O(n(n 1)3)2

Finally, for a general initial con guration Py, because there are a nite
number of agents, only a nite number of splittings (at most n 1) of the
connected components of the communication graph can take pte along the
evolution. Therefore, we conclude that TC(Tindzvs ; CGueraging ) = o(n®).

Let us now prove the lower bound. Consider an initial con guration Pg 2
R" where all agents are positioned in increasing order accomdg to their
identity, and exactly at a distance r apart|say, pl'*1©) pll©)=r,i 2
f1;:::;n  1g. Assume for simplicity that n is odd|when n is even, one
can reason in an analogous way. Because of the symmetry of thaitial
condition, in the rst time step, only agents 1 and n move. All the remaining
agents remain in their position, because it coincides with he average of its
neighbors' position and its own. At the second time step, ony agents 1, 2,
n 1, and n move, and the others remain static because of the symmetry.
Applying this idea iteratively, one deduces that the time step when agents

21 and ™ move for the rst time is lower bounded by "5%. Since both

agents have still at least a neighbor (agenl%), the task Tngzvs has not been
achieved yet at this time step. Therefore, TC(Tindzvs: CGveraging ; Po)
21, and the result follows.
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4.6.2 Proof of Theorem 4.16

Proof. We divide the proof of the theorem into three groups, one per Bt-
work.

STEP 1: Facts on (Sdisk; CGrementr ) Fact (iV) for ( Sdisk; CGrementr ) is
a direct consequence of the control function de nition of the crementr  law
and Lemma4.8.

Let us show fact (i). BecauseG has the same connected components
as Gyisk (1), fact (iv) implies that the number of connected components of
Guisk (r) can only but decrease. In other words, the number of agentsni
each of the connected components d&isk (1) is non-decreasing. Since there
is a nite number of agents, there must exist "¢ such that the identity of
the agents in each connected component o&isk(r) is xed for all ° )
(that is, no more agents are added to the connected componerafterwards).
In what follows, without loss of generality, we assume that here is only
one connected component after, i.e., the graph is connected (if this is
not the case, then the same argument follows through for eacltonnected
component).

We prove that the law CGrementr  (With control magnitude bounds and re-
laxed G-connectivity constraints) achieves the exact rendezvousask Tyngzvs
in the following two steps:

(@) We rst de ne a set-valued dynamical system ((R%)"; (R%)": T) such
that the evolutions of (Sgisk; CGrementr ), Starting from an initial
con guration where Gyisk(r) is connected, are contained in the set
of evolutions of the set-valued dynamical system.

(b) We then establish that any evolution of ((RY)"; (RY)": T) converges
to a point in diag(( RY)") (the point might be di erent for di erent
evolutions).

This strategy is analogous to the discussion regarding the @erapproxima-
tion Lemma for time-dependent systems in Sectionl.3.5

other words, givenP = (p1;::::pn) 2 (RH", de ne for eachi 2 1;:::;ng,
(Pgoa)i = %C(fpig[f P i 2Ng(i)g);
Xi= B MENj) 2Ne() \ B umax);

where ri(P) = maxfr, maxtkpi pjko2jj 2 Ng(i)gg. Since two neighbors
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according to G can be arbitrarily far from each other in RY, we need to
modify the de nition of the constraint set with the radius r;(P) to prevent
Xi from becoming empty. Note that if kpi pjko r forall j 2 Ng(i), then
ri(P) = r and, therefore, X; = Xgisk.c(Pi;P)\ B(pi; Umax). It is also worth

De ne the map ftig : (R)" ! (RH)" by

One can think of ftig as a circumcenter law where the neighboring relation-
ships among the agents never change. Because fti is continus, and (0goal)i

that fti ¢ is continuous.

We now de ne a set-valued dynamical system (RY)": (RY)";T) through
the set-valued mapT : (RY)"  (RY" given by

Note that the evolution of the crcmentr  law using a proximity graph such
as Gyisk (1) is just one of the multiple evolutions described by this setvalued
map. This concludes (a).

Let us now perform (b). To characterize the convergence proerties of
the set-valued dynamical system, we use the LaSalle Invariage Principle in
Theorem 1.21 With the notation of this result, we select W = ( RY)". This
set is clearly strongly positively invariant for ((R%)"; (R9)"; T).

Closedness of the set-valued mapSince ftig is continuous for each di-
graph G and there is a nite number of strongly connected digraphs onthe

Common Lyapunov function. De ne the function Vgiam : (R)" ! R o
by
Viiam (P) = maxfkp,  pkji;j 2f1:::;ngg
With a slight abuse of notation, we denote by cof) the convex hull of

fp;:iii;png  RY. Note that Vgiam(P) = diam(co( P)). The function Vgiam
has the following properties:

() Vgiam is continuous and invariant under permutations of its argu-

ments.
(i) Vgiam(P) =0 ifand only if P 2 diag((R‘_")”), where we recall that
diag(R)") = f(py;::i;pa) 2 R jpil = = pll 2 Rlg de-

notes the diagonal set of RY)". This fact is an immediate conse-
quence of the fact that, given a setS  (RY)", diam(co(S)) = O if
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and only if S is a singleton.

(iii) Vgiam is non-increasing alongT on (RY)". Consider a nite set
of points S 2 F((RY)") and let CC(S) be its circumcenter. From
Lemma 2.2(i), we have CC(S) 2 co(S). Therefore, for any strongly
connected digraph G, we have that co(ftig(P)) co(P) for any
P 2 (RY". Since for any two setsS;, S, (RY)" such that co(S;)
co(Sp) it holds that Vgiam (S2)  Vdiam (S1), then Vgiam (fti c (P))
Vgiam (P) for any strongly connected digraph G, which implies that
Vgiam iS Non-increasing alongT on (RY)".

forall * 2 Z (. Therefore, any evolution of the set-valued dynamical systm
(RH": (RY)"; T) is bounded.

Characterization of the invariant set. By the LaSalle Invariance for set-
valued dynamical systems in Theoreml.21, any evolution with initial con-
dition in W = (RY%)" approaches the largest weakly positively invariant set
M contained in

fP 2 (RH"j9P°2 T(P) such that Vgiam (P = Vgiam (P)g:

We show that M = diag(( RY)"). Clearly, diag((RY)") M. To prove
the other inclusion, we reason by contradiction. Assume th&a P 2 M n
diag((R%)") and, therefore, Vgiam (P) > 0. Let G be a strongly connected di-

depending on whetherp; is or is not a vertex of coP). If p; 62Ve(co(P)),
then Lemma 2.2(i) implies that fti( pi; (Pgoal)i; Xi) 2 co(P) nVe(co(P)).

If pi 2 Ve(co(P)), then we must take into consideration the possibility of
having more than one agent located at the same point. If the lgation of
all the neighbors ofi in the digraph G coincides with p;, then agenti will
not move, and hence ftiQ;; (Pgoan)i; Xi) 2 Ve(co(P)). However, we can show
that the application of fti ¢ strictly decreases the number of agents located
at p;. Let us denote this number by Nj, that is,

Since the digraph G is strongly connected, there must exist at least an
agent located at p; with a neighbor which is not located at p; (otherwise,
all agents would be atp;, which is a contradiction). In other words, there
existi;j 2fl:::;ngsuchthatpp = pi, pp 6 pi, andj 2 Ng(i ). By
Lemma 2.2(i), we have that (pgoa)i 2 co(P) nVe(co(P)) and, therefore,
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(Pgoal)i €& pi . Combining this with the fact that
fpiglf pjj 2Ng(i)g B(pi:ri (P));

we can apply Lemma2.2(ii) to ensure that ] pi ; (Pgoa))i [ has nonempty in-
tersection with X; . Therefore, fti(p; ; (Pgoai ; Xi ) 2 co(P) nVe(co(P)),
and the number N; of agents located atp; decreases at least by one with
the application of ftig.

Next, we show that, after a nite number of steps, no agents renain at
the location pi. Dene N = maxfN; j p; 2 Ve(co(P))g<n 1. Then
all agents in the con guration fti g, (ftig,(:::ftig, (P))) are contained in
co(P) nVe(co(P)), for any collection of strongly connected directed grapls

which contradicts the fact that M is weakly invariant.

Point convergence. We have proved that any evolution of (R9)"; (R9)": T)
approaches the set diag(R%)"). To conclude the proof, let us show that the
convergence of each trajectory is to a point, rather than to he diagonal set.
Let fP() j ° 2 Z og be an evolution of the set-valued dynamical system.
Since the sequence is contained in the compact set d®(0)), there exists a
convergent subsequencéP (") j k 2 Z og, that is, there exists p 2 RY such
that

Because of 47.6.2), fBr any "> 0, there existskg such that for k jo onephas

co(P('x)) B(p;"= n). From this, we deduce that coP(’)) B(p;"= n)

forall = "y,, which in turn implies that kP(") (p;:::;pke " for all
“ko» @s claimed. This concludes (b).

The steps (a) and (b) imply that any evolution of ( Sgisk; CGremenyr ) Start-
ing from an initial con guration where Gyisk(r) is connected converges to a
point in diag(( R%)"). To conclude the proof of fact (i), we only need to es-
tablish that this convergence is in nite time. This last fact is a consequence
of ExerciseE4.5.

Fact (v) for ( Sgisk; CGrementr ) IS @ consequence of facts (i) and (iv).
STEP 2: Facts on (S;p; CGrementr ). The proof of facts (i), (iv), and (v)
for (Stp; CGrementr ) iS analogous to the proof of these facts for the pair

(Sqisk; CGrementr ), and we leave it to the reader.

STEP 3: Facts on (S1 .disk; CGicrementr ). From the expression for
the control function of CGj.cremenr , We deduce that the evolution un-
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der CGicrementr  Of the robotic network S; _gisk (in d dimensions) can be
alternatively described as the evolution underCGcmentr  Of d robotic net-
works Sgisk in R (see ExerciseE4.4). Therefore, facts (i), (iv), and (v) for
the pair (S; -gisk; CGicrementr ) follow from facts (i), (iv), and (v) for the
pair (Sqisk; CCrementr -

4.6.3 Proof of Theorem 4.17

Fact (i) . For d = 1, the connectivity constraints on each agenti 2f 1;:::;ng
imposed by the constraint set
xdisk(p[i];fprcvd j for all non-null preyg 2 y[i]g) (4.6.3)

are super uous. In other words, the goal con guration resulting from the
evaluation by agenti of the control function of the crementr  law belongs
to the constraint set in (4.6.3. Moreover, the order of the robots on the
real line is preserved from one time step to the next. Both obsrvations are
a consequence of ExercisE4.3.

Let us rst establish the upper bound in fact (i). Consider th e case when
Guisk () is connected at Po. Without loss of generality, assume that the
agents are ordered from left to right according to their iderti er, that is,
pl11(0) pi"(0). Let 2 f3;:::;ng have the property that agents
f2;:::; 1g are neighbors of agent 1, and agent is not. (If, instead, all
agents are within an interval of length r, then rendezvous is achieved after
one time step, and the upper bound in fact (i) is easily seen tdoe true.)
Figure 4.12 presents an illustration of the de nition of . Note that we can

® ®
(ORI (V)
Figure 4.12 The de nition of 2 f 3;:::;ng for an initial network con guration.
assume that agents 2;:::; 1g are also neighbors of agent . If this is not

the case, then those agents that are neighbors of agent 1 andnhof agent
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, rendezvous with agent 1 after one time step. At the time insant = = 1,
the new updated positions satisfy

plt0) + pt  1(0)

(/1Y —
pi(1) = ;
) [1] ’ [] [1] [] #
0) + 0 0) + O)+r
IO[](1)2|0()2|0();|0() g() :
for 2 f2:::; 1g. These equalities imply that pitl(1) plH(0) =
s pb H0) pMO)  3r. Analogously, we deducepll(2) plti(1)  3r
and, therefore,
pl2 pitlo) - (4.6.4)

On the other hand, from p™(2) 2 3 piHl(1) + pt (1) ; (where the sym-
bol represents a certain unimportant point in R), we deduce

i) o) S etm+d Y po)

10 1 1] 1 pH)+ pll) gy
> P @ PO 5 > p(0)
-1 [1 1.
=2 P 0) p™(0) ik (4.6.5)

Inequalities (4.6.4 and (4.6.5 mean that, after at most two time steps,
agent 1 has traveled a distance greater thanm=4. In turn, this implies that

1 . 4
F diam(co(Po))  TC(Timdzvs; CGrementr ; Po) r diam(co(Po)):

If Gyisk(r) is not connected at Py, note that along the network evolution,
the connected components of ther-disk graph do not change. Using the
previous characterization on the distance traveled by the éftmost agent of
each connected component in at most two time steps, we dedudbat

4 .
TC(Tindzvs; CGrementr ;Po)  — max diam(co(C));
I C2C(Po)

where C(Pgp) denotes the collection of connected components @isk(r) at Po.
The connectedness of eacl 2 C(Pg) implies that diam(co(C)) (n 2)r,
and therefore, TC(Tindzvs; CGrementr ) 2 O(N).

The lower bound in fact (i) is established by consideringPy 2 R" such

diam(co(Pp)) = (n  1)r and, therefore, TC(Tingzvs; CGrementr ;Po) n 1.

Fact (ii) . In the r-limited Delaunay graph, two agents on the line that are
at most at a distance r from each other are neighbors if and only if there
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are no other agents between them. Also, note that ther-limited Delaunay
graph and the r-disk graph have the same connected components (cf., Theo-
rem 2.8). An argument similar to the one used in the proof of fact (i) above
guarantees that the connectivity constraints imposed by the constraint sets
Xaisk (PM; f preva | for all non-null prevg 2 yllg) are again super uous.

Consider rst the case when G_p (r) is connected atPy. Note that this
is equivalent to Gyisk(r) being connected atPy. Without loss of generality,
assume that the agents are ordered from left to right accordig to their

identi er, that is, plt(0) p"1(0). The evolution of the network under
CGrementr  Can then be described as the discrete-time dynamical system

pIC + 1) = Z(p0) + pC));

pPIC + 1) = Z(o0) + pFIC));

o U0+ 1) = 2" A0)+ pC));
P+ 1) = 2 B0y + pIC)):

Note that this evolution respects the ordering of the agents Equivalently,
we can write P(" +1)= AP ("), where A 2 R" " is the matrix given by

2 3
% 3 0 i 0
;2 0 3 0
0 3 O 0
A: . 2 .2 . . :
' 1 g 1
0 AR
0 0 5 3

Note that A = ATrid %;0 , as de ned in Section1.6.4 Theorem 1.8Q(i)
implies that, for Pge = %ﬂ Po, we have that lim, +1 P(") = Paeln, and
that the maximum time required for kP(")  Paweln , kPo Pawelnks
(over all initial conditions in R") is n?log ! . (Note that this also
implies that agents rendezvous at the location given by the gerage of their
initial positions. In other words, the asymptotic rendezvous position for this
case can be expressed in closed form, as opposed to the casth e r-disk

graph.)

Next, let us convert the contraction inequality on 2-norms into an appro-
priate inequality on 1 -norms. Note that diam(co(Pg)) (n 1)r because
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G (r) is connected atPqy. Therefore,

ax pU0) Pae | PUO PO (0

kPO Pavelk]_ = m
i2f 1,

For * of ordern?log 1, we use this bound onkPg Paelk: and the basic
inequalities kvk;  k vk» nkvk; for all v2 R™, to obtain

kP(\) I:)ave:l-kl kK P(\) I:)ave:l-kZ kl:)O I:)ave:l-k2
nkPo Paelks  Th(n 1)

This means that (r" )-rendezvous is achieved for P n(n Lr =r", thatis,
in time O(n%log 1) = O(n?log(n" Y)).

Nexb we show the lower bound. Consider the unit-length eigewector

Vn = =Z(sin—1;iisin20)T 2 R of Trid, 1(3;0; 2) corresponding
to the largest singular value cosf). For = Bo%rn 572 we then de ne the
initial condition
Po= P+ 0 2 R":
Vn 1

One can show thatpll(0) < pl*X(0) for i 2 f1;:::;n  1g, that Pae = 0,
and that maxfpli*1(0) pllO)ji2f1;:::;n 1gg r. Using Lemmal.82

and becausekwk; k wko nkwk; for all w2 R", we compute
rn>=2 0 rn 2 0
kPoki, = —p= P —p— P
P12 T e 10027 Ver
B kv 1ko= P
102 "0 2

The trajectory P(") = (cos(ﬁ))\Po therefore satis es

’ mn
kP()k; = cos — kPok — COS —
(ka1 n 0K1 m n

Therefore, kP (")k; is larger than 3r" so long as_p5n(cos(;)) > 3", that
is, so long as

_ log(" ') log(52)
log cos(;) )
In exercise E4.7, the reader is asked to show that the asymptotics of this
bound correspond to the lower bound in fact (i).

Now consider the case whet@ p (r) is not connected atPg. Note that the
connected components do not change along the network evolian. There-
fore, the previous reasoning can be applied to each connectecomponent.
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Since the number of agents in each connected component is &ttly less than
n, the time complexity can only but improve. Therefore, we corclude that

TC(Tindzvs; CGrementr ) 2 ( n2|09(n" 1)):

Fact (iii) . Recall from the proof of Theorem4.6.2 that the evolution under

CGiicrementr  Of the robotic network S; _gisk (in d dimensions) can be alter-
natively described as the evolution underCGcmcenyr  Of d robotic networks

Suisk In R (see ExerciseE4.4). Fact (iii) now follows from fact (i).

4.6.4 Proof sketch of Theorem 4.20

Here, we only provide a sketch of the proof of Theoremt.20. Fact (i) is a
consequence of the control function de nition of thenonconvex crcmcentr

law in Section 4.3.4 and Lemma 4.11 Fact (ii) follows from the fact that
the law CGonconvex crementr (With control magnitude bounds) achieves the
"-rendezvous taskT-_gzvs and fact (i).

To show that, on the network Syis_gisk » the law CGonconvex crementr (With
control magnitude bounds) achieves the'-rendezvous taskT-_gzvs, ONE Can
follow the same overapproximation strategy that we used in he proof of
Theorem 4.16, STEP 1:, that is,

(@) de ne a set-valued dynamical system Q"; Q"; T) such that the evo-
lutions of (Syis-disk ; CGonconvex crementr ) Starting from an initial
con guration where Gis.gisk, o IS connected are contained in the set
of evolutions of the set-valued dynamical system; and

(b) establish that any evolution of (Q";Q";T) converges to a point
in diag(Q") (note that the point might be dierent for dierent
evolutions).

We refer to Ganguli et al. (2009 for a detailed development of this proof
strategy. Here, we only remark that in order to carry out (b), the proof uses
the LaSalle Invariance Principle in Theorem1.21, with the perimeter of the
relative convex hull of a set of points as Lyapunov function.

4.7 EXERCISES

E4.1 (Maintaining connectivity of sparser networks). Prove Lemma 4.8.
Hint: Use Lemma 4.2 and the fact that G and Gyisk (r) have the same connected
components.

E4.2  (Maintaining network line-of-sight connectivity). Prove Lemma 4.11

Hint:  Use Proposition 4.9.
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E4.3

E4.4

E4.5

E4.6

(Enforcing range-limited links is unnecessary for the crcmentr law o n

of the set comprised of p; and of its neighbors:

(Pgoat )i = CC(TPig[N gy (r)ipi (P)):

Show that the following hold:
(i) if pi and p; are neighbors in Gisk (1), then (pgoal )i belongs tog(pr"; 5

(i) if pi and p; are neighbors in Gyisk (r) and pi Py, then (Pgoar )i (Pgoal ); ;
and
Finally, discuss the implication of (i) and (ii) in the execution of t he crcmentr
law on the 1-dimensional spaceR.
Hint: Express (pgoal )i @s a function of the position of the leftmost and rightmost
points among the neighbors ofp;.

(Enforcing range-limited links is unnecessary for the pll-crcmcentr | aw).

k 1 RY1 R the projection onto the kth component. Do the following tasks:

(i) Show that p; and p; are neighbors in G .gisk (r) if and only if, for all
k2f1:::;dg, «k(pi)and «(pj) are neighbors in Guisk (1)

(i) For S RY, justify that the parallel circumcenter PCC( S) 2 R? of S can
be described as

k(PCC(S))=CC( «(S)); fork2fl;:::;dg:

(i) Use (i), (ii), and Exercise E4.3(i) to justify that no constraint is required
to maintain connectivity of the 1 -disk graph in the pll-crcmentr law.
In other words, show that if p;i and p; are neighbors in the proxim-
ity graph G isk (1), then also the points PCC(fpig[N &, 4 ()i (P))
and PCC(fpg[N 6, 44 (r)p; (P)) are neighbors in the proximity graph

G disk ().
(Finite-time convergence of the crcmentr law on Saisk ). FOr Umax ;T 2 Rs o,
let a=min fUmax ; 59. Let P = fpi;:ii;pag 2 F(RY), and assume that there exists

p 2 RY such that

Do the following tasks:

(i) Show that Guisk (r) evaluated at fps1;:::;png is the complete graph.

(Variation of the crcmentr law). Let P = fpi;:::;png 2 F(RY). For r 2
Rs 0, we work with the r-disk proximity graph Guisk (r) evaluated at P. For each
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mid-points with its neighbors:

i + [
(pgoal)i =CC fpgl % P 2N Guisk (1)iPi (P)
Do the following:

(i) Show thatif pi and p; are neighbors in Giisk (1), then ( Pgoa )i @nd (Pgoa )j
are neighbors in Gyisk (r).

(ii) Use (i) to design a control and communication law on the network Sgisk
in RY that, while not enforcing any connectivity constraints, preserves all

neighboring relationships in Gyisk (r) and achieves the "-rendezvous task
T"-rndzvs .

(iii) Justify why the law designed in (ii) does not achieve the ex act rendezvous
task Tindzvs -

E4.7  (Asymptotics of the lower bound in Theorem 4.17(ii)). Show that, as
n! +1,

log(" n) Iog(5p 2)_n?

log cos(-) 2

log(" 'n) |og(5IO 2) + O(1):

Use this fact to complete the proof of the lower bound in the proof of Th eo-
rem 4.17(ii).

Hint: Use the Taylor series expansion oflog(cos(x)) at x =0.
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Algorithm Index

iterated truncation algorithm

relative-sensing iterated truncation algorithm
averaging algorithm

crcmentr algorithm

relative-sensing crcmentr algorithm

crcmentr algorithm with relaxed constraints
pll-crcmentr algorithm

nonconvex crcmentr algorithm

nonconvex relative-sensing crcmentr algorithm
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Subject Index

average,”7

circumcenter, 19
parallel, 22
complexity
time, 23
congestion,24
connectivity constraint
set, see set,
connectivity
constraint
control and
communication law
averaging, 17, 29
circumcenter, 19

in nonconvex
environments, 25
parallel circumcenter,
22

coordination task

rendezvous
"7
exact, 7

Krause model, 17, 29

problem

connectivity
maintenance, 7, 28
network, 10
pairwise, 8

gathering, see problem,
rendezvous
rendezvous,6, 27

set

connectivity constraint,
10
G, 12
line-of-sight, 15
locally cliqueless
line-of-sight, 16
pairwise, 8
pairwise line-of-sight,
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contraction of, 12
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Symbol Index

Xaisk pi7; pbl
Xaisk (P11; P)

Xaisk,a(pl; P)

: pairwise connectivity constraint set of agent at pl'l with

respect to agent atpll, 8

: connectivity constraint set of agent at pll with respect

to P, 10

: G-connectivity constraint set of agent at pli! with respect

to P, 12

Xuis-disk (PU); pl1; Q )

line-of-sight connectivity constraint setin Q of agent at
plil with respect to agent at pli!, 15

Xvis-disk (P';P; Q)

line-of-sight connectivity constraint setin Q of agent at
pll with respect to P, 15

Xc-vis-disk (p[i]; P;Q):

avrg(S)

C Caveraging
CGrementr

C c;:Jll—crcmcntr

C Cf:IOHCOFlVEX crementr

PCC(S)
Trndzvs

T -rndzvs

locally cliqueless line-of-sight connectivity constraint st
in Q of agent at pli! with respect to P, 16

. average of points inS, 7

: averaging control and communication law, 17

: circumcenter control and communication law, 19

. parallel circumcenter control and communication law, 22

circumcenter control and communication law in noncon-
vex environments, 25

. parallel circumcenter of S, 22
: rendezvous task, 7
. "-rendezvous task, 7
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